
Generalized trees related with tree metrics

Alain Gu�enoche
a
Bruno Leclerc

b
Vladimir Makarenkov

c

aInstitut Math�ematique de Luminy, CNRS, 163 Avenue de Luminy, F-13009

Marseille, France, guenoche@iml.univ-mrs.fr

bCentre d'Analyse et de Math�ematique Sociales, Ecole des Hautes Etudes en

Sciences Sociales, 54 bd Raspail, F-75270 Paris cedex 06, France, leclerc@ehess.fr

cD�epartement des Sciences Biologiques, Universit�e de Montr�eal, C.P. 6128, Succ.

Centre-Ville, Montr�eal, Qu�ebec H3C 3J7, Canada, makarenv@ere.umontreal.ca

Key words: tree; 2-tree; metric;

Abstract

Graphs without induced subgraphs of minimum degree at least 3 have been

considered in matroid theory (see, e.g., Welsh 1976, ch. 14 or Aigner 1979, ch.

7) and in some domains of applications (Todd 1989, Gu�enoche and Leclerc

1999). Maximal such graphs were characterized in Todd's paper. They are

called here 2d-trees.

A subclass of 2d-trees consists of the classical 2-trees (Pippert and Beineke

1969), whose interesting status among chordal, series parallel and 2-connected

graphs has been extensively studied in the literature (Arnborg and Prosku-

rowski 1989, Borie, Parker and Tovey 1991, Rose 1974, and others). We con-

sider here valued 2d-trees and 2-trees with a given �nite vertex set X.

An XLL-tree (leaf labelled according to X) is a tree T = (V (T ); E(T )) sat-

isfying two properties: (i) the leaf set of T is X; (ii) for any v 2 V (T )-X,

Æ(v) � 3 (where Æ(v) is the degree of v). Elements of V (T )-X are the latent

vertices of T . For de�nitions and properties about such trees, see Barth�elemy

and Gu�enoche (1988). Assume that an XLL-tree T is valued in such a way

that any edge between two latent vertices is non-negative; then it de�nes a

tree function on X, that is a real function t on the set X(2) of pairs of dis-

tinct elements of X satisfying the weak four-point condition: for all distinct

x; y; z; w 2 X, t(xy) + t(zw) � maxft(xz) + t(yw); t(xw) + t(yz)g. For any

distinct x; y 2 X, t(xy) is given by the sum of the edge values on the path of
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T between x and y. Conversely, a unique valued XLL-tree T is associated to

any given tree function on X (Buneman 1974).

A tree function t is a tree dissimilarity if it is positive, and a tree metric if,

moreover, it corresponds with a non-negatively valued XLL-tree.

A basic fact is that any valued 2d-tree � = (X;E(�)) uniquely de�nes a valued

XLL-tree or, equivalently, a tree function t on X (Leclerc and Makarenkov

1998, Gu�enoche and Leclerc 1999). Conversely, consider a tree function t on X

as a valued complete graphKX . Then, some restrictions of t to 2d-trees provide

encodings of t by 2n-3 values. This fact generalizes such encodings previously

recognized in the literature (Chaiken et al. 1983, Yushmanov 1984). It has been

recently applied to phylogenetic reconstruction from incomplete dissimilarity

data. We study and characterize such restrictions. Those corresponding to 2-

trees lead to several types of minimum spanning 2-trees, each with properties

of the minimum spanning tree type.

References

[1] M. Aigner Combinatorial Theory , Springer-Verlag, Berlin, 1979.

[2] S. Arnborg, A. Proskurowski, Characterization and recognition of partial k-

trees, Congr. Numer. 47 (1989) 69-75.

[3] J.P. Barth�elemy, A. Gu�enoche, Les arbres et les repr�esentations des proximit�es,

Masson, Paris, 1988. Transl. Trees and proximity representations, Wiley, New

York, 1991.

[4] R.B. Borie, R.G. Parker, C.A. Tovey, Deterministic decomposition of recursive

graph classes, SIAM J. Disc. Math. 4 (1991) 481-501.

[5] P. Buneman, The Recovery of Trees from Measures of Dissimilarity,

Mathematics in Archaeological and Historical Sciences, F.R. Hodson et al.,

eds, Edinburgh University Press, Edinburgh, 1971, p. 387-395.

[6] S. Chaiken, A.K. Dewdney, P.J. Slater, An optimal diagonal tree-code, SIAM

J. Alg. Disc. Meth. 4 (1983) 42-49.

[7] A. Gu�enoche, B. Leclerc, The triangles method to build phylogenetic trees

from incomplete distance matrices (1999), submitted.

[8] B. Leclerc, V. Makarenkov, On some relations between 2-trees and tree metrics,

Discrete Math. 192 (1998) 223-249.

[9] R.E. Pippert, L.W. Beineke, Characterizations of 2-dimensional trees, The

Many Facets of Graph Theory , G. Chartrand and S.F. Kapoor, eds, Lecture

Notes in Mathematics 110, Springer-Verlag, Berlin, 1969, p. 263-270.

2



[10] D.J. Rose, On simple characterizations of k-trees, Discrete Math. 7 (1974),

317-322.

[11] P. Todd, A k-tree generalization that characterizes consistency of dimensioned

engineering drawings, SIAM J. Disc. Math. 2 (1989) 255-261.

[12] D.J.A. Welsh, Matroid Theory , Academic Press, London, 1976.

[13] S.V. Yushmanov, Construction of a tree with p leaves from 2p-3 elements of

its distance matrix (russian), Matematicheskie Zametki 35 (1984) 877-887.

3


