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Abstract. The iceberg lattice of a context is a substructure of the com-
plete concept lattice useful for data mining. Its construction has been
tackled with batch algorithmic approaches but incremental algorithms
are yet to be designed. The paper introduces an approach to iceberg
maintenance that is based on a framework for complete lattice on-line
maintenance which is here extended with new structural results about
iceberg evolution. An algorithm, called MAGALICE, is proposed that per-
forms maintenance in two steps: the first one follows the classical restruc-
turing schema while the second one fills the gaps left in order to obtain
a valid structure.
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1 Introduction

Formal concept analysis (FCA) has been successfully applied to practical prob-
lems from a variety of fields, e.g., software engineering, information retrieval, and
knowledge discovery from data (KDD). In KDD, FCA was used to formalize the
association rule mining (ARM) [PBTL99,ZH99]. ARM consists in detecting fre-
quent patterns, or itemsets, within a database of commercial transactions and
further extracting associations between complementary parts of a pattern [AS94].
Itemsets and rules are comparable to attribute sets and (partial) implications
from FCA, respectively, whereby the iceberg lattice is the upper part of the
concept lattice of the transaction context, i.e., the one reduced to concepts of
large enough extents. Batch methods have been proposed for the computation
of iceberg lattices (e.g., TITANIC [STB102]). These methods are clearly unfit for
dynamic database environments which would rather require an on-line approach
to reduce the computational effort due to data evolution (e.g., building up on
the incremental lattice construction as in [GMA95]).

We propose such an approach and design a concrete algorithm for iceberg
lattice maintenance upon transaction insertion, called MAGALICE. The algorithm
follows the generic incremental scheme for complete lattices as in [VHMO3] which
is refined by some iceberg-related tasks. Its complexity is examined in the paper
from both theoretical and practical standpoint.

The paper starts with a summary of relevant results from FCA theory and
algorithms (Sec. 2). The results underlying our iceberg maintenance approach
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are presented in Sec. 3 while the proposed maintenance algorithm is described
in Sec. 4. Sec. 5 discusses preliminary results on the practical performance of
the proposed algorithm.

2 Background on concept lattices

2.1 Formal concept analysis basics

Formal Concept Analysis (FCA) focuses on the partially ordered structure,
known under the names of Galois lattice [BM70] or concept lattice [Wil82], which
is induced by a binary relation R over a pair of sets O (objects) and A (attributes).
FCA helps identifying groupings of individuals sharing a set of features. A for-
mal context is a triple K = (O, A, I) where I is a binary (incidence) relation,
ie., I C O x A (ola means that object o has the attribute a). Within a context
(see Fig. 1 on the left), objects are denoted by numbers and attribute by small
letters. Set notations are separator-free, e.g., 13 stands for {1,3} and bed for
{b,¢,d}. Two functions, f and g, induce a Galois connection [BM70] between

P(O) and P(A).

— f:PO)—=PA), f(X)=X'={ac A| Vo€ X,ola}
- g:PA) —-PO),gY)=Y"={0o€ O |VaeY,ola}
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Fig. 1. Left: Binary table K = (0 ={1,2,...,8}, A ={a,b,...,h}, I) and the object 9.
Right: The Hasse diagram of the lattice derived from the eight first objects of K.

Hereafter, both f and g are denoted by ’. For example, 13’ = dgh and
b’ = 167. Furthermore, the compound operators ” (g o f(X) and f o g(Y))
are closure operators over P(O) and P(A) respectively (e.g., 78" = 13678 and
fh'" = efh). Thus, each of them induces a family of closed subsets, called C°
and C* respectively. A couple (X,Y), of mutually corresponding closed subsets,
where X € P(0),Y € P(A), X =Y  and Y = X', is called a (formal) con-
cept [Wil82], e.g., (13,dgh) is a concept, but (35, fh) is not (see Figure 1 on the
right). Within a concept, X is referred to as the extent and Y as the intent.
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Furthermore, the set Cx of all concepts of the context K = (O, A, I) is par-
tially ordered by extent inclusion: (X1,Y7) <x (X2,Y3) & X; C X5. £ =
(Ck, <k) is a complete lattice where join (\/) and meet (/\) are given by:

Vil (Xa, Vo) = (U, X0, Nz, V) and A (X0, Y5) = (N, Xa, (U, YD),

For example, the join and the meet of cxg = (26,ac) and cx3 = (13678, d)
are (12345678, () and (6, abcd) respectively (see Fig. 1).

The function p (respectively v) maps an object o (attribute a) into the mini-
mal (respectively mazimal) concept in the lattice having that object (attribute):

pw:0 — Ci, p(o) = (0",0) and v: A — Ck, v(a) = (a,d")

For example, within the lattice in Fig. 1, u(1)=cx11 and v(f)=cpgo.

Iceberg lattices are upper sets of the concept lattice which are generated
by a specific sort of maximal anti-chains of the lattice. They are made up of
frequent concepts only. The frequency/support « of a given concept ¢ = (X,Y)
isty(¢) = || X || /|| O |. Intuitively, an iceberg arises through a complete
horizontal cut of the lattice £ = (C, <x) into two parts with respect to a minimal
support threshold, that is, a real number « in ]0,1]. The upper part, denoted
L = (C% <x) where C® = {c|c € C,v(c) > a} is usually referred to as the
iceberg concept lattice [STBT02].

Definition 1. The a-iceberg, o €]0,1], of concept lattice L is the sup-semi-
lattice L* = (C*, <x).

The lower part is denoted £L* = (€%, <x). In data mining, only icebergs are
considered as they include the most general concepts. For example, the iceberg
L£°-30 obtained from the complete lattice on the right-hand side of Fig. 1 using
«=0.30 is shown in Fig. 2, on the left.

2.2 Incremental construction of the lattice

Incremental methods construct the lattice £ starting from Lo = ({(0, A)}, ) and
gradually incorporating a new object o; into the lattice £;_; which corresponds
to a table KC;—1 = ({o1,...,0i—1}, A,I). Each incorporation involves a set of
structural updates [VMGMO02].

The basic approach (see [GMA95]) exploits a property of the Galois con-
nection saying that both families of closed subsets are themselves closed under
intersection [Bir40]. Thus, to turn an arbitrary lattice £, upon adding an object
o, into the lattice LT of the context K = (O™, A,I"), where O = O U {o}
and I™ = T U {0} x o, one only needs needs to generate some extra concepts
and integrate them into the existing structure. The target concepts have intents
which are intersections of an existing intent in £ and o’ that are not themselves
intents in £ and are thus called new (denoted N (0)). Furthermore, three cate-
gories of concepts are distinguished in L: genitor concepts (G (o)) which support
the generation of new concepts; old concepts (U(0)) which remain unchanged;
and modified concepts (M(0)) which evolve by integrating o into their extents
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while their intents remain stable. A formal definitions of these subsets and a
theoretical framework for lattice maintenance is given in [VMGMO02].

The main tasks for a reconstruction algorithm include the identification of
the three sets within £ and the creation/integration of the new concepts. These
jointly lead to the construction of the target lattice LT as explained in [VHMO03].
In the rest of this paper, the sets G, Ut and M™ refer to the lattice £T.
When no confusion is possible, G, U and M are assimilated to GT, U™ and
M, respectively.

2.3 Incremental iceberg update problem

The task of iceberg maintenance amounts to the efficient transformation of £
into £>*. To that end, one could apply the above incremental strategy, although
this alone will not be enough. Actually, some concepts from £ will have to be
removed as no more frequent in £F. Conversely, unfrequent concepts in £ can
become themselves or generate another one which is frequent in £*. The cor-
responding concepts from £+ cannot be reached by the straightforward lattice
maintenance and therefore require additional effort.

#1
12345678 O &

Fig. 2. Left: iceberg £°-3° with O={1, .., 8}. Right: iceberg £°-3°* with OT=0U{9}.

Example 1. Assume L is the iceberg induced by the object set 12345678 and
the threshold a = 0.30 (see Fig. 2, on the left) and consider 9 as the new object
to be added. The result of this insertion is the iceberg £4T in Fig. 2 on the right.

In the next section, we characterize the set of problematic concepts and lay
the fondations of its efficient detection.

3 Theoretical foundations

Obviously, for each (X,Y) in £, there is a counterpart in £ with an extent
X — {o}. The latter concept may well be in £* hence (X,Y) will have to be
added to the structure by a specific procedure. To define the set of all such
concepts, further referred to as jumpers and denoted H (0), we consider a strong
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cardinality property on X. In fact, X — {o} is unfrequent in £ whereas X is
frequent in £ (which can only happen if o is in X, i.e., (X,Y) € Tu(0)), hence
the definition of H* (0):

Definition 2. H* (0)={(X,Y) € Tu(o) | [|[X —{o}[| < a[O]], [|X[|=al|OF]]}.

For example, the jumpers induced by the new object 9 are H*(9) ={cgs, cx15}
(see Fig. 2). The next property follows directly:

Property 1. (X,Y) € H(0) < a-||O||+a < ||X]|| <a-||O||+1,a €]0,1].

Observe that within the range [« - [|O]| 4+ «, «-||O|| +1] there is at most one
integer whatever the size of the set O:

Property 2. ¥n € N,Va €]0,1], ||l n+a,a-n+ 1NN || < 1.

In other words, all jumpers have the same extent size, hence H' (o) is an anti-
chain in £T. Moreover, the iceberg update must not only compute the jumpers
but also link them to the respective upper covers as in the complete lattice case.
Observe that all the target upper covers are in fact frequent concepts having
the object o in their extent. Therefore, the set of potential upper covers of the
jumpers are members of the frequent part of the order filter Tu(0) in £* which
further correspond to frequent antecedents in £. The target concepts are called
visible and denoted VT (0):

Definition 3. V(o) = {(X,Y) € Tu(o) | ||X]|| > a x]||O|| + 1}.

According to Def. 3, all immediate successors of a jumper concept are indeed
in V*(o).

Property 3. Ve € HY(0),Ve € LT, c < ¢, entails ¢ € VT (o).

Fig. 3. Boundaries between V1 (0) and H' (0) within complete lattice.

Now, in order to compute H(0), one may examine the concepts in V¥ (o)
and generate all their lower covers (denoted C'ov(c)) which further satisfy Prop. 1.
Notice that for each pair of concepts ¢, ¢z in Tp(o) with ¢; <T ¢y there is an
attribute a in o/, such that c¢; is the meet of ¢ and the attribute-concept of a,

v(a).
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Property 4. ¥ c1,co € Tu(0), if c1 <T ca, then 3a € o' —Int(ca) : ¢1 = v(a)Acs.

Therefore, given a concept ¢ in V¥ (0), to find its lower covers in H*(0), one
has to examine the set of meets of ¢ and the appropriate attribute-concepts. The
operator corresponding to an attribute a is denoted A,: Agc = v(a)Ac. When the
concept v(a) Ac is to be computed, its extent is Ext(Ayc) = Ext(c) N Ext(v(a))
(or Ext(c) Na'), while its intent is more delicate to obtain in general. However,
as only Cov!(c) are interesting, the following property can be used. It says that
if ¢; precedes ¢z, then the attributes in the difference of their intents are exactly
those which satisfy ¢; = v(a) A cs.

Property 5. ¥V c1,c2 € V1 (0) s.t. c1 < co, Int(c1)—Int(c2) = {a € A| Agca=c1}.

Thus, the intent of the concept A,co can be obtained by adding to Int(cq) any
of the attributes @, such that Ext(cy) Na’ = Ext(cy) Na'. Clearly, as this holds
for all lower covers of a given concept, several subsets of attributes in o' — Int(cy)
may lead to the generation of valid intents. In contrast, any of the remaining
attributes, say a, will produce only a partial intent as the corresponding concept
NqC2 is not a lower cover. The set of attributes which generates jumpers is
denoted geny,(c). Thus, the main problem is to filter, for any concept ¢ in V* (o),
the attributes in geny(c).

Seemingly the best way to carry out this filtering is to test if, given a can-
didate attribute a, the size of the intersection Ext(cy) N a’ satisfies Prop. 1).
As intersection computation may be expensive, it is important to reduce the
number of tests, e.g., by dropping candidates whose A,c cannot be a jumper.
Given a concept ¢ in V¥ (0) and an attribute a in o’ — Int(c), A,c can only fall
in: (i) C*T, (i) H*(0), or (#44) V*(0). Notice that these cases are completely
orthogonal to the lower cover status of A,c with respect to ¢ hence, non imme-
diate predecessors that are still in H* (o) must be ignored so that a jumper is
generated only by a visible upper cover and not by further successors.

If () and (i7) are hard to solve without intersection computing, (#ii) can
be avoided through an upward intent propagation in V* (o), i.e., from concepts
in lcN VT (o) to c. More precisely, cumulated intents of all predecessors are
transmitted to a concept ¢ so that all the included attributes could be ignored
during jumper tests. Thus, we define a mapping T : V¥ (0) — P(A) with T'(c) =
Ueerenv+ o) I(0)-

Even if T(c) can be obtained before the computation of HT (o), it is more
advantageous to do it during the global traversal of V*(0). This way, T'(c) can
be seconded by the set of attributes which generate jumpers that are not lower
covers of ¢ (i.e., are lower covers of a predecessor of ¢). Thus, we define a mapping
T" that yields all the attributes of frequent predecessors of ¢ except those which
generate immediate predecessors in H* (o), i.e., geny(c).

Definition 4. T" : V*(0) — P(A), T"(c) = {ala € Int(¢),é € leNVT(0) —
Covl(c) NH*(0)}.

T"(c) represents the maximal set of attributes that can be subtracted from
o', a priori, for a given visible concept c. It can be computed from the values



On-line maintenance of iceberg concept lattices 7

of T" on immediate visible predecessors of ¢ and the sets of jumper generating
attributes for the same concepts.

Property 6. T"(c) = Usecovt(e)nv+ (o) Th(&) U h(e).

The set of all attributes which are effectively examined for a concept c is
called the pool of ¢ and denoted pool(c). Clearly, pool(c) is o' — T"(c).

4 The proposed incremental method

The results presented in the previous section are transformed into an algorithmic
procedure, called MAGALICE, that updates an iceberg upon the insertion of a
new object into the context.

4.1 Description of Magalice

The Algorithm 1 (UPDATE-ICEBERG-LATTICE) represents two main parts. The
first one is a procedure call (line 3) and is in charge of the insertion of the
new object into the iceberg lattice considered as complete lattice (see [VHMO3|
for algorithm details). The second one (lines 4-7) implements the core tasks
of an iceberg maintenance algorithm. It starts by dropping out the unfrequent
concepts in LY (lines 4-6). The second step consists in computing concepts in
H*(0).

1: procedure UPDATE-ICEBERG-LATTICE(In: £ an iceberg lattice, v a minimum support,
o a new object, Context an indexed set of objects)

ADD-OBJECT(L,0)
for all cin £ do
if v(c) < o then
DRroP(L,c)
: FIND-FREQUENT-LOWER-COVERS(L, «, Context, ¢, 0)

Noghwen

Algorithm 1: Iceberg update upon the insertion of new object within Magalice

4.2 Computation of jumpers

The aim of Algorithm 2 (FIND-FREQUENT-LOWER-COVERS) is to generate lower
covers of visible concepts (V1 (0)) using the respective pool. The skeleton of
the algorithm represents a bottom-up traversal of the iceberg £**. The linear
extension of the order is ensured by a preliminary sorting (line 9). Indeed, the
first step sorts concepts in V¥ (0) according to the descending order of intent
size. During the main stage, each concept ¢ in V1 (0) is processed in order to
generate its jumpers. This processing includes the computation of the frequent
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extent intersections X which are stored within the generating-attributes Y in
the jumper candidate set. At the end of the processing of the ¢, the pairs (X,Y)
are used to generate the effective jumpers which are in turn added to the global
jumper set H™(0).

1: procedure FIND-FREQUENT-LOWER-COVERS(In/Qut: £ an iceberg lattice, & a min-
imum support, Context an indexed set of objects, o the new object)

2:

3: Local : Jumpers : set of concepts

4: Local : Th, Pool, h : set of attributes

5: Local : Extent : set of objects

6: Local : Candidates : set of pairs of tuples (X,Y)
7.

8

: Jumpers — ()
9: SorT(V*(0)) {in descending order of the Intent}
10: for all ¢ € V' (0) do
11:  Candidates — (; Th — Int(c); h — @
12:  for all ¢ € Cov'(c) do
13: Th — ThU T"(@U h(e)
14:  Pool « o' - Th
15:  while not Pool = ) do

16: a «— extract-first(Pool); Extent «— Ext(c) N a’

17: if a-]|O||+ a < ||Extent|| < a - ||O]| + 1 then

18: ¢ «— Lookup(Extent, Jumpers)

19: if ¢ # NULL then

20: Cov'(c) «— Cov'(c) U {¢}; h +— h U Int(c); Pool « Pool - Int(c)
21: else

22: n «— LOOKUP(Extent, Candidates)

23: if can # NULL then

24: can.Y — can.Y U {a}

25: else

26: can «— (Extent, (Int(¢) U {a}) ); Candidates «— Candidates U {can}
27: h— hU {a}

28:  for all can € Candidates do

29: ¢ «— NEWCONCEPT(can.X, can.Y); Cov'(c) « Cov'(c) U {¢}

30: Jumpers — Jumpers U {¢}

31 T™e) Th; genn(c) < h
32:  UPDATE(L®, Jumpers)

Algorithm 2: Compute Lower covers for a given visible concept.

After an initialization step (line 11), the set Th is established using the
propagation mechanism of intents from concepts to their successors (lines 12-
13). Then, the pool of ¢ (attributes for potential jumpers) is determined (line
14). The next step is the gradual discovery of jumpers of the current concept
(line 15-27). Notice that once the extent of A,c is computed (line 16) and proved
to be frequent (line 17), the algorithm checks whether it is already generated
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by another concept (line 18) or not. When the extent of Ayc is found (line 19),
first, the corresponding concept ¢ is added to the jumpers of the concept ¢ (line
20), then the intent of ¢ is used to update both the set of generating-attributes
genp(c) and the pool (line 20). When the extent of A,c is not generated by
another concept, the algorithm checks the candidates discovered by the current
concept (line 22). The result of the check may update the intent of the found
candidate (line 24) or create a new candidate (line 26). Next, new jumper con-
cepts are created based on the candidates (line 29), linked to their upper cover
(line 29) and added to the list of jumpers (line 30). At the end, attributes of the
predecessors in VT (o) and discovered jumpers in HT (o) are recorded (line 31).

Ezample 2. To illustrate the jumper computation for a given concept (lines 11-
31), lets consider the concept c4s within the insertion of object 9. Notice that,
up to now, the jumpers set H(9) is cxs (generated by cxs). Since cus does
not have any predecessor in the iceberg, pool(cus) = cdfg. The intersection
19 between Ext(cys) and {c}’ leads to an unfrequent extent (|/19]| < 3). The
intersection 139 between Ext(cys) and {d}’ is frequent. The concept having
the resulting extent in H*(9) is cgs. Thus, cys is used to update Cov'(cys),
genp(cus) (line 20). As g is in both pool(cys) and Intent(cys), no jumper is
generated. Therefore, pool(cys) = f (line 20). The intersection 359 between
Ext(cys) and {f}’ is frequent, but is neither in H*(9) nor in candidate jumper
set (Candidates) (line 25). The pair (359, fh) is then added to Candidates (line
26). The pool(c) is now empty, a new concept cx1s is created from the candidate
(359, fh) (line 29), linked to its upper cover cxs and added to H*(9) (line 30).

4.3 Example

In order to illustrate the way the Algorithm 1 proceeds, assume £ the iceberg
induced by the object set 12345678 (see Fig. 2 on the left) and consider 9 as the
new object whose intent is {9} = cdfgh. After the call of ADD-OBJECT (line
3), the set of unchanged concepts is UT(9) = @), whereas the set of modified,
generators and new concepts are M1 (9) = {cu1, cyo, Cu3, cpa, cp5}, GT(9) =
{cgr}, NT(9) = {cy14} respectively. This result is given in the left of Fig. 4.
The next step (lines 4-6) drops out all unfrequent concepts which could be old or
generator. In this example all concepts in £%+ remain frequent. The sorted set
of visible concepts V1 (9) used for the generation of jumpers by the procedure
FIND-LOWER-COVERS (line 7) is {cg14, C2, Cp3, Caa, C5, Cp1 |-

The Table 4.3 illustrates the running of this procedure on selected concepts
within their corresponding pool. For each pool attribute a (table rows), the table
should be read as follows: The first column provides A,c, the second is the status
of the intersection result, third column presents the set geny(c), the fourth one
indicates the evolution of the pool variable (pool). The Fifth column tracks the
candidates set (Candidates) while the last column shows the content of the
jumpers set (H(0)).

Starting with the concept c414, no jumper is found since concept c416 remains
unfrequent (see Fig. 4). The concept cyo does not generate any jumper as the
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Attribute] Extent| Status [genn(c)|pool(c)[Candidates] Jumpers(H™ (9))
Processing of concept cy3

f 39 Unfreq.|0 gh [ [

g 139 Freq. |g h (139,dg) |0

h 139 Freq. |gh 0 (139,dgh) |cus
Processing of concept cu4

c 19 Unfreq.|0 dfh |0 Cas

d 139 Freq. |dgh f 0 C48

f 39 Unfreq.|dgh 0 0 C#8

g cancelled by step in line 20 (Pool < Pool - Int(c)).
Processing of concept cys

c 19 Unfreq.|0 dfg 1] CH8

d 139 Freq. |dgh N 0 Cas

f 359 Freq. |dfgh |0 (359, fh)  |cus, cx1s

g canceled by step in line 20 (Pool «— Pool - Int(c)).

Table 1. The trace of Algorithm 2 on concepts cxs, cx4 and cys upon the addition of
object (9, cdfgh).

computed intersections are unfrequent too. The processing of cx3 leads to the
discovery of the jumper cxg. When deal with the concept cx4, the method finds
that cxg is a predecessor of cx4. An order relation is then established between
them but there is no jumper to produce. The concept cys makes a link with
concept cxg as it is his predecessor and produces the jumper cuis. The last
concept cy1 (top of iceberg) does not generate any jumper as its pool is empty.

Finally, the jumpers discovered at the end of the Algorithm-2 are HT(9) =
{cus, c415}. The updated iceberg L£0-3%+ which is obtained from £%39 and the
object #9 is presented on the right-hand side of Fig. 4.

(123456789,0)

(123456789,0)

T"={bcd}

O =t}

Tr={bed}
(1267490) | O (13449,9)  (135+9,0) o)

= {gh}

(35+9,fh)
#8 () (13+9,dgh) e

#14 @ (167+9.cd)
e

(o}
@: New concept(s) \ 7 bod) N @ Concepts generated by Find-Lower-Covers
\ W #16‘(2 -
47 O (167.bcd) \ (1+9.cdgh)

Fig. 4. Jumpers generation (H™(9)).
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4.4 Complexity issues

The following table presents basic parameters used in the estimation of the worst
case complexity for our incremental algorithm.

Variable |m |l ko |d(LoT) A(l)
Stands for|[[A[[[[C**[[[[[O][[max, ¢ go+ ([[Cov' () D]IL* ]| — [1£°]]

The complexity of Algorithm 2 can be assessed as follows: the sorting of the
set VT (0) with respect to concept intent sizes (line 9) can be made in a linear
time, i.e., O(l), since only the sizes of concepts intents need to be compared.
The traversal of this set (line 10) represents the first cost factor and takes O(1)
concept examinations as in the worst case all concepts in £ are also in V¥ (o).
The second factor is further split into three additive costs: pool computation cost
(lines 11-14), candidates-related cost (lines 15-27) and, the cost of creating and
recording new jumpers (lines 28-30). The computation of the pool (lines 11-14)
costs O(m?) since the algorithm performs O(d(L£**)) concept examinations (line
12), each examination consists in computing attribute sets unions (line 13) which
can be made in O(m). Notice that O(d(£*")) has the upper bound O(m). The
candidates-related cost (lines 15-27) is the result of four additive components:
the traversal of pool (line 15) which is executed in O(m), extent intersection
computation (line 16) which costs O(k), jumper set (HT(0)) lookup (line 18)
that can be made in O(A(l)k) and jumpers candidates lookup (line 22) which
costs also O(mk). However, trie-based representation of sets of extents (e.g., in
jumpers and candidates) provides a very efficient lookup which cost linear in
the number of objects, regardless of the size of the trie. Thus, the cost of the
lookup operations is brought back to O(k). This helps assess the candidates-
related cost to O(mk). Finally, as creating and properly connecting each jumper
to its upper cover (line 29) are executed in constant time, the cost of dealing
with new jumpers (line 30) is O(m). The latter cost is due to the fact that the
number of new jumpers generated by a given concept is limited by the attribute
number. In summary, the total complexity of the Algorithm 2 is bounded by
O(m(m + k)l).

The Algorithm 1 performs two traversals to update the iceberg structure.
For the first traversal, the Algorithm ADD-OBJECT is used. Its complexity is
O(A(D)k?+1(k+m)) (see [VHMO3]). During the second traversal, the Algorithm 1
performs additional steps which guarantee the integrity of the structure. The first
step (line 4-6) consists in elimination of unfrequent concepts which can be done
in O(Im) as the algorithm checks the frequency of each concept and, if need be,
drop it out by visiting its upper covers and updating the order links. During
the second step, the Algorithm 2 is used to compute the set H(0) of potential
jumpers. As mentioned above, its complexity is in O(m(m + k)l). Consequently,
the global restructuring overhead of the iceberg for a single insertion run is in
O(A(D)K? + m(k +m)l).



12 Mohamed H. Rouane, Kamal Nehmé, Petko Valtchev, and Robert Godin

5 Experiments and performance evaluation

We conducted a set of experiments in which the practical performances of MAG-
ALICE has been assessed. As the problem of maintaining an iceberg lattice upon
evolution in the dataset has not been tackled so far, The performance of MAGA-
LICE have been compared to those of an incremental version of the classical batch
algorithm of BORDAT [Bor92] for frequent concept computation. The choice of
BORDAT was motivated by the top-down generation of lattice concepts. Both
algorithms were implemented in Java, within the 1.1 version of the GALICIA
platform?® [VRGRO3].

The experiments took place on a Celeron running 1,7 GHz, with 1.5 GB
of main memory. The comparisons were performed on the strongly correlated
database MUSHROOM (8, 124 objects, 119 attributes) and the weakly correlated
one T25.110.D10K (10,000 objects, 1000 attributes) with a varying number of
objects.

Magalice vs Bordat (Time on Mushroom) Magalice vs Bordat (Time on T25110D10k)

35000 25000

30000 { —*—Magalice —e—Magalice
3 $ 20000 { —=— Bordat
'§ 25000 | —=— Bordat -g
8 20000 - @ 15000
an 0
£ 15000 1 c
- S 10000 -
£ 10000 - g
5000 | £ 5000 -

0+ T T T T T T 0 — . .
06 05 04 03 02 01 o1 008 004 002 0,01
Support Support

Fig.5. CPU-time for both MAGALICE and BORDAT for the whole dataset frequent
concepts computation using a different value of support.

Two kinds of comparisons have been carried out. The first one (Fig. 5) aimed
at comparing the performance of both algorithms as batch procedures. The re-
sults show that on T25.110.D10K database, MAGALICE outperforms BORDAT.
Indeed, it runs 2 to 4 times faster. Whereas, on MUSHROOM database, BORDAT
is 2 to 5 times faster.

The purpose of the second kind of tests (see Fig. 6) is to show the advan-
tage of MAGALICE running with increment only versus BORDAT reconstruction
from scratch of the whole database. On T25.110.D10K database, the difference
between execution time of the both algorithms is important since MAGALICE
outperforms BORDAT even in batch mode. On the strongly correlated database,
MUSHROOM was split into fixed increments size (2000 objects). MAGALICE is
able to perform several hundreds of insertions while BORDAT is running on the
entire dataset to reconstruct the whole lattice.

3 See the website at: http://www.iro.umontreal.ca/~galicia.
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Its noteworthy that GALICIA has been designed as a tool for rapid devel-
opment of algorithms following the software engineering principles such as the
generic code, reusability and extensibility. These are often antinomic with ef-
ficiency. Therefore what matters is the relative performance of the compared
algorithms and not their absolute time scores.

Magalice vs Bordat Time per update
(Mushroom,Supp = 0,1)

Magalice vs Bordat Time per update
(T25110D10K, Support = 0.01)

20000
18000 - - Magalice 25000
«» 16000 = Bordat / ~+ Magali
] )/ ] galice
2 14000 | B 20000 7 . gorgat /
8 12000 - 5 ,
% 10000 - g 15000 |
= 8000 1 c |
2 6000 | : 10000
= 4000 E 5000 -
2000 - .
0 ‘ ‘ ‘ 0 ; : ;

2000 4000 6000 8124
Number of objects

2500 5000 7500
Number of transactions

10000

Fig. 6. CPU-time for MAGALICE using a fixed increment of transactions compared to
the CPU-time for running BORDAT on the entire transaction set.

6 Discussion

The paper provides a contribution to the incremental maintenance of iceberg
concept lattice. A theoretical framework is proposed followed by a novel algo-
rithm which updates the iceberg upon the insertion of a new transaction in the
database. Practical performance of the proposed algorithm were compared to
those of a batch one.

The next step in our study will focus on the practical analysis of the perfor-
mance of the various underlying data structures and routines. Moreover, other
structures will be studied to speed up the method including an index on unfre-
quent attributes which enables their reintegration and a list of recent unfrequent
concepts. The problems of assembly and split of icebergs will also be studied for
the design of appropriate algorithms. A comparison between MAGALICE and ma-
jor batch algorithms for iceberg concept lattices computation such as TITANIC
(including concept’s order computation) is to be carried out.
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